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Conductance 
and 
Conductivity… 
 

Russell Cosgrove 

…in the Wave 
Theory of the 
Ionosphere… 

…How much is left 
of Electrostatics? 



Traditional MI Coupling 

Wave Model for 
Magnetosphere 

Lumped Element Model 
for Ionosphere 

Incident 
and 
Reflected 
Alfven 
Waves 

Resistor: the Ionospheric 
“conductance” derived 
from the electrostatic 
assumption 

B0-lines 

v  What is the justification 
for such a simple 
ionospheric model? 



Actual MI Coupling 

Artificial Boundary 

Incident 
and 
Reflected  
Waves 

Wave 
dispersion 
relation a 
function of 
altitude 

B0-lines 
v  Lumped element models 

are derived from wave 
models by taking the long 
wavelength limit.  

v  So let’s try…  



The Gap in Knowledge 

|  The usual wave dispersion relations involve inappropriate 
approximations.  

|  We need full inclusion of collisional effects to address 
conductivity. 

|  Apparently, nobody has ever verified that electrostatic 
theory can be recovered from the wave theory. 

|  Is it obvious? No!  

|  We don’t know the wavelengths of the propagating modes! 

|  We don’t know the dissipation scale lengths! 

|  We don’t know the polarizations! 



So it’s either Continue 
Assuming Everything is 
Good…or Derive/Solve 

the Dispersion Relation… 

|  Actually, turns out we don’t really need to 
derive anything. 

|  Modern computers allow exact computation. 



v Write as matrix eqn. 
v     
v  Fourier Transform and 

Linearize 
v     
v Get eigenvectors/values 

in equation set (1) can be written @Y
@t + MY = F , where184
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2
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(3)185

and F =

2
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. (4)

Assuming the plasma density and collision frequencies are non zero, the matrix M has a complete set of186

linearly independent eigenvectors. Expanding on the approach of Lysak et al. [2013], M may be diagonalized187

as M = UDU�1, where D is a diagonal matrix containing the (complex) eigenvalues, and the columns of188

U are the (complex) eigenvectors. This allows the first 9 equations in equation set (1) to be written as189

@Y 0

@t +DY 0 = F 0(t), where Y 0 = U�1Y , D is a diagonal matrix, and F 0 = U�1F determines the neutral wind190

driving, nonlinear coupling, and coupling to Faraday’s law (the last equation of the set (1)).191

Again expanding on Lysak et al. [2013], the diagonalized equations may be solved by integrating factor192
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become �!X + HX = 0, where240
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. (7)

For a given ~k, the solutions with X ⇠ ei(!t�~k·~r) are the eigenvectors of H, and the ! are the eigenvalues.241

Any and all possible linear modes arise in this way, where we have made no approximations (other than242

linearization) to the general two fluid plasma equations (1).243

This formulation is equivalent to deriving the complete linear dispersion relation for the equation set (1).244

In Appendix I we give a more traditional derivation for the same dispersion relation, and arrive at equa-245

tion (37). However, solving equation (37) for ! is impractical, and does not reveal what mode a particular246

solution is associated with. Therefore, we obtain the solutions ! by diagonalizing H, and as a cross check247

have verified for a few cases that they satisfy equation (37).248

We now analyze the available modes over the altitude range 85-500 kilometers, using standard numerical249

solutions for the eigenvectors and eigenvalues of H. This altitude range covers the D, E, and F regions of250

the ionosphere, along with the “valley” region that governs possible electric field mapping between the E251

and F regions. In Appendix I are described the ionospheric parameter vertical profiles used in our analysis.252

Of particular importance are the collision frequencies, which make waves in the ionosphere have a different253

nature from their counterparts in the magnetosphere. It is also important to realize that the assumed vertical254

13

Just Find the Eigenvectors! 

2 Time Ordering for the Fluid Equations and Solution Without �B123

2.1 The Fluid Equations124

We assume that electrodynamics in the ionosphere can be described by the two fluid equations (electrons125

and one species of ion) plus the dynamical Maxwell’s equations, shown together in (1), where the subscripts126

denote either ions (i), electrons (e), or neutrals (n), ~v↵ are velocities, ⌫↵n are collision frequencies with127

neutrals, ⌦↵ = eB/m↵ are gyrofrequencies, ~E is the electric field, and � ~B is the perturbation magnetic field128

(i.e., ~B = ~B0 + � ~B, where ~B0 is the geomagnetic field). We omit the plasma continuity equation because129

the evolution of plasma density is thought very slow compared to the processes of interest, namely, the130

evolution to electrostatic equilibrium. The one fluid equation set on the right (2) is derived from the set131

on the left by adding and subtracting the equations for ~ve and ~vi, and assuming that me~ve can be ignored132

in comparison with mi~vi, where ~J is the current density, ~v is the plasma center of mass velocity, m↵ are133

the masses, ⌫e = ⌫ei + ⌫en + ⌫inme/mi, and  ! ↵ = n~v↵~v↵. Hence, with respect to the causal dynamical134

evolution, either of these equation sets constitutes essentially the complete fluid equations, where for brevity135

we assume a single ion species and drop pressure gradients so that the energy equations can be omitted. ?136

[2012] focuses attention on the equation set (2), although we will work predominantly with the more general137

equation set (1).138
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Two fluid equations 
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The Alfven wave is the 
lowest frequency: it 
works down to DC, and 
should take most of the 
energy 

Cosgrove, JGR, 2016 
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v Alfven wave packet 
travels with group velocity 

v Multiply group velocity 
by dissipation time scale 

v Gives the dissipation 
scale length 

v When dissipation scale 
length is 10% of altitude 

Results: Alfven Wave Penetration Depth 

Mode conversion to Whistler mode required for 
large-scale E field to map to lower E region! 

Only short wavelength Alfven waves 
get down to lower E region! 



Results: At the Auroral Arc Scale 

�y (km) �z (km) zdis (km) alt. (km)
1 13.6 84.3 99
1 40.0 629.9 109
1 1648.4 78.1 119
10 13.8 84.6 99
10 29.7 5,062 109
10 80.3 2.5⇥104 119
50 24.4 3.4 99
50 41.2 721.3 109
50 83.4 9.2⇥104 119

Table 4: Selected results for the parallel wavelength (�z) and dissipation scale length (zdis) in the E region,
for VP = 40m/s, and two perpendicular to ~B0 wavelengths (�y).
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Parallel Wavelengths are short! 
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Using these expressions we calculate µ0Jin = µ0Jz = ẑ ·
⇣

~r⇥ B̃
⌘

and ~r · Ẽ? and form the input admittance578

to the open circuited slab as579

YO =
Jz

~r · Ẽ?

�

�

�

�

z=�l

=
�iB1x

µ0E1y
tan(kzl) '

�iB1xkz

µ0E1y
l, and (13)

�Pw , YO/l|l!0 =
�iB1xkz

µ0E1y
. (14)

By analogy to our result for the source admittance, YS = �P l, derived in Section 5 by assuming the lumping580

limit (equation (11)), this suggests that we define a wave Pedersen conductivity, �Pw , YO/l|l!0, which can581

be calculated using the methods of Section 3.582

Figure 16 shows plots of the wave Pedersen conductivity, �Pw = YO/l|l!0 (left column, green and red583

lines), along with the full Pedersen conductivity �P (!) from equation (30) calculated using the full complex !584

associated with the Alfvén wave found using the methods of Section 3 (right column, green and red lines), and585

including the usual Pedersen conductivity, �P0 = �P (! = 0) for reference (blue line, also using equation (30),586

or equivalently using the standard equations without ! [e.g., ?, 2009]). The top row of Figure 16 is for altitude587

120 km, and the bottom row for 100 km. The transverse phase velocity Vp = 40 m/s was used to obtain588

the real part of ! to be matched by the Alfvén wave, which is the smallest value from among the modeling589

choices described in Section 4. Also, in calculating �Pw we used kz = kzr� i imag(!)/vgz, where kzr is the z590

component of ~k as derived from the methods of Section 3 (which is real), and vgz is the z-component of the591

group velocity. This is done to model an effect not included in either the wave or lumping limit calculations,592

which is the decay of the wave with time as it travels first into, and then back out of the slab, which it does593

at the wave-packet velocity vgz: This correction is derived by employing a ray tracing model, as explained594

in Section 7.595

[Figure 16 about here.]596

Examining Figure 16, we find the important result that including imag(!) in the expression (30) for597

�P (!) establishes a strong wavelength dependence for �P (!), including making real (�P (!)) negative below598

about a kilometer in wavelength. The imaginary part of ! has been generally ignored in the literature,599

but turns out to be much larger than the real part when calculated by assuming an Alfvén wave under600

ionospheric conditions.601
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Results: Conductivity 

Zero	  conduc*vity	  below	  

Thin	  E	  layer	  

Derive	  input	  admi9ance	  to	  thin	  slab	  by	  
superposing	  incident	  and	  reflected	  waves	  

6 Lumping Limit and Modified Pedersen Conductivity554

For the case of a source loaded by a semi-infinite homogeneous plasma, studied in Section 5, there are555

significant wave effects and deviation from expectations based on electrostatic equilibrium. However, we556

addressed the source admittance by asserting that for a layer thin along ~B0 there is no variation along ~B0,557

and that therefore using the Pedersen conductivity of equation (30) and current continuity, we can derive558

the field-aligned current in response to a divergent transverse electric field. That is, a ‘lumping limit’ was559

used to derive the admittance seen looking into a thin plasma slab backed by a non conductor (open circuit560

termination), and in this lumping limit it seemed that wave effects could be ignored. Did we take this561

lumping limit correctly? Can we not also derive the input admittance by superposing two waves in the slab,562

one incident on the non-conducting ‘bottom’, and the other its reflection, such that the zero conductivity563

boundary condition is satisfied? And what about the Pedersen conductivity in equation (30): should we use564

the full complex ! for the Alfvén wave in that equation? The answers to these three questions appear to be565

“sort of”, “yes”, and “yes”: Wave effects in the source-admittance calculation of Section 5 were swept under566

the rug by failure to mention that it is necessary to use the full complex ! in equation (30) for �P , if the567

results of the superposed wave analysis are to be reasonably approximated by the lumping-limit calculation.568

We proceed now to derive the input admittance using the superposed wave approach, and compare the result569

to the Pedersen conductivity of equation (30), using the full complex !, and also using ! = 0.570

Let Ẽ1 = ~E1ei(!t�k
y

y�k
z

z) and B̃1 = ~B1ei(!t�k
y

y�k
z

z) represent the wave in the slab incident on the571

zero-conductivity boundary, located at z = 0. The incident wave is traveling in the +ẑ direction. To form572

the reflected wave,
n

Ẽ2, B̃2

o

, we apply the transformation kz 7! �kz to
n

Ẽ1, B̃1

o

under the dispersion573

relation, which provides that B̃x = B̃1x + B̃2x = 0 at the boundary (z = 0). This is equivalent to the574

condition that the field aligned current is zero at the boundary (when the electric displacement current is575

ignored, which is generally considered to be an excellent approximation in the ionosphere [?, 2006], and576

which we have verified). The results for Ẽ = Ẽ1 + Ẽ2 and B̃ = B̃1 + B̃2 are577

Ẽ = [x̂E1x cosh(ikzz) + ŷE1y cosh(ikzz)� ẑE1z sinh(ikzz)] 2ei(!t�k
y

y)

B̃ = [�x̂B1x sinh(ikzz)� ŷB1y sinh(ikzz) + ẑB1z cosh(ikzz)] 2ei(!t�k
y

y). (12)
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Figure 16: The wave Pedersen conductivity �Pw (left column, green and red lines), compared with the full
Pedersen conductivity �P (!) evaluated using the full complex ! (right column, green and red lines, from
equation (30)), and the standard zero-frequency Pedersen conductivity (blue lines) at altitudes of 120 km
(top row) and 100 km (bottom row). The phase velocity Vp = 40 m/s was used to derive the real part of !
to be matched by the Alfvén wave.
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	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  constant	  (blue	  lines).	  
	  	  	  	  	  	  	  	  	  	  	  	  is	  far	  from	  constant!	  
At	  short	  wavelengths	  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  
a	  nega9ve	  real	  part!!	  

�P (0)

2

�P (!)

1

�P (!)

1

      has	  a	  large	  
imaginary	  part;	  it’s	  not	  
close	  to	  zero!  

!

3



Poker Flat Experiment: Combined 
AMISR and MT Sensor Array 

see if anything remains. Although over a relatively short period, the analysis we propose would
automatically include this comparison.

D.3 Methodology

D.3.1 MT Sensor Deployment

Figure 9: The red dots show a preliminary layout of a
25-MT-sensor array based on deployment from main-
tained roads (selected in consultation with C. Johnson
at ARSLS). The yellow dots show some tentative alter-
native sights that, in Google Earth, appear accessible
from dirt roads, which might be passable by snowmo-
bile in winter. It is expected that further siting recon-
naissance will lead to a more optimal station distribu-
tion to provide a 2D surface grid of stations extending
further north into the PFISR footprint. The layout
shown by red dots should be considered as a logisti-
cally safe, baseline scenario only. Helicopter deploy-
ment will also be priced and might allow a nearly ideal
grid for both 3D MT imaging and ionospheric current
reconstruction. The red and yellow petals shows the
coverage limits for PFISR beams at 100 km in altitude
and 300 km in altitude, respectively.

MT instruments provided by the National
Geoelectromagnetic Facility at OSU will be
deployed beginning in the autumn months,
so that at least the necessary field work
can be finished before the ground freezes.
Prof. Schultz employs a subcontrac-
tor (Zonge International)for deployment of
long-period MT systems (of the type to be
used in this experiment) on behalf of the
EarthScope MT Transportable Array pro-
gram. The same subcontractor has a field
office in Soldotna, AK, and could be em-
ployed for this work. While our field costs
are based on using the existing MT sub-
contractor, we are not committed to using
this contractor at this stage. We are in-
vestigating using other local contractors,
or at least of employing some local help.
We have had some very informative discus-
sions with C. Johnson, the Alaska Science
Planner for the Arctic Research Support
and Logistics Support (ARSLS) program,
which is an NSF funded program specifi-
cally for providing logistics support to arc-
tic researchers. We have the option of ob-
taining needed equipment, such as snow-
mobiles, cold weather gear, tools, and, if
necessary, helicopter time from ARLS. Al-
though expensive, using a helicopter would
permit a more ideal arrangement of instru-
ments and may accelerate installation and
maintenance so much as to be cost effec-
tive. However, in developing our budget
and preliminary plan, we have assumed
that sensors will be deployed within walk-
ing distance of roads.

Figure 9 describes our efforts at a pre-
liminary station layout. Although some
land is privately owned, most is adminis-
tered by the Bureau of Land Management
(BLM). Off-road vehicles and pack animals
are generally prohibited by BLM, except
when there is snow cover. This means that
we should generally choose sites within walking distance of roads, or snowmobile trails.
SRI Proposal ERU 13-040 9 22 May 2012
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v Can we 
predict the 
ground 
magnetic 
deflection 
from AMISR 
plus ground 
conductivity? 

AMISR Imaged E-field 
overlaid with Green Line Array of MT sensors 

(mag + ground E-field). 
Collaboration with 
Geophysicist  
Adam Schultz, 
Oregon State U. 



Conclusions 
|  Alfven wave theory in the ionosphere does not 

reduce to electrostatics: 
²  Short wavelengths compared to E-F spacing. 

²  Dissipation scale length doesn’t match. 

²  Pedersen conductivity strongly effected. 

|  Efficient mode coupling between Alfven and Whistler 
waves is required to salvage E field mapping at long 
wavelengths. 

|  At the Arc scale (and smaller) there seems no way to 
recover Electrostatics. Looks like Wrong Assumption! 

|  Joint AMISR-Magnetotelluric data analysis will shed 
some light. 



MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

E
x
 (mV/m)

 

 

260 262 264 266 268 270 272

65

66

67

68

69

70

−100

−80

−60

−40

−20

0

20

40

60

80

100

MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

E
y
 (mV/m)

 

 

260 262 264 266 268 270 272

65

66

67

68

69

70

−100

−80

−60

−40

−20

0

20

40

60

80

100

262 263 264 265 266 267 268 269 270
65

65.5

66

66.5

67

67.5

68

68.5

69

MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

LOS Velocity (m/s)

 

 

−1000

−800

−600

−400

−200

0

200

400

600

800

1000

MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

E
x
 (mV/m)

 

 

260 262 264 266 268 270 272

65

66

67

68

69

70

−100

−80

−60

−40

−20

0

20

40

60

80

100

MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

E
y
 (mV/m)

 

 

260 262 264 266 268 270 272

65

66

67

68

69

70

−100

−80

−60

−40

−20

0

20

40

60

80

100

262 264 266 268 270 272
65

65.5

66

66.5

67

67.5

68

68.5

69

69.5

MLON (degrees)

M
L
A

T
 (

d
e
g
re

e
s)

LOS Velocity (m/s)

 

 

−1000

−800

−600

−400

−200

0

200

400

600

800

1000

Two Auroral Arc Examples 



Comparison to Optical Arc 
Courtesy Hanna Dahlgren, Gareth Perry 

Negative divergence at 
position of optical arc  
= precipitating electrons! 



Fitting Electric Field to Multibeam 
Incoherent Scatter Radar Data 

Fall$AGU$SA33C+04$$Nicolls,$Cosgrove,$et$al.$

Spa;ally$and$Temporally$Resolved$Images$of$Electric$Field$and$Conduc;vity$
derived$from$Incoherent$ScaGer$Radar$measurements$
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Courtesy of Michael Nicolls, 
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Hasan Bahcivan 

Poker Flat Incoherent Scatter Radar, Poker Flat, Alaska 


