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Binary Hypothesis testing

• Example: detect incoming missile using measured radar 
return 
• Know:

• Probability Density Function (PDF) of H0: no missile (i.e., just noise)
• PDF of H1: missile incoming

• Neyman-Pearson lemma: Use Likelihood Ratio Test!
• Even for large data sets
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• Because the decision is based on random data, it is also random
• Evaluate probability of detection, false alarm, etc.



• Receiver Operating Characteristic (ROC) 
curve
• ROC characterizes all thresholds
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Binary Hypothesis testing
Ways to choose threshold τ

Maximum 
Likelihood (ML)

Choose the hypothesis that has a 
larger PDF at y

𝜏 = 1

Μaximum a 
Posteriori (MAP)

Incorporate prior knowledge 𝜏 = 𝑝(𝐻1)/𝑝 𝐻0

Neyman-
Pearson (NP)

Useful if you don’t know 𝑝1(𝑦) Choose  Pfalse alarm
and solve for 𝜏



Connection with statistical tests

•Most (all?) statistical tests can be understood in this framework
• t-test
• Wilcoxon
• ANOVA

• P-value is the probability of false alarm
• i.e., of deciding an effect is real when it is not actually real
• “statistically significant at the p=0.05 level”
• NOT “95% significant”
• NOT “a large effect”
• NOT “95% chance of H1 being correct”

[Grawe et al., 2017]
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Estimation theory

• Estimate velocity using Maximum Likelihood (ML) Estimation
• Under Gaussian, uncorrelated noise, ML is Least Squares!
• If that’s not true, Least Squares may not be the best choice for 

parameter estimation

d = Gm+ noise
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m = velocity



[Drob et al., 2015]

• Example: Radio occultation
• Generally: Fredholm integral 
•ML or Least-squares requires us to restrict solution space
• Often done implicitly by limiting degrees of freedom in

• Fit Chapman profile
• Fit spherical harmonics
• Assume equilibrium conditions

• No ability to track error of 
these assumptions

m⇤
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Estimation theory (n-dimensional model)

m⇤
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• Don’t restrict solution space – write PDF and see where it takes you
• Fredholm integrals

m⇤
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• Tempting to take inverse (or least-squares), but only valid if:
• G is full rank
• # data points ≥ # unknowns
• Errors are Gaussian and uncorrelated

• Even if these are satisfied, result might be too noisy, or physically 
unrealistic.

• Solution: incorporate prior information

Estimation theory (n-dimensional data)



Bayes’ Theorem

• Data updates a prior probability/belief
• Maximum a posteriori (MAP) 

estimation
• Example: Gaussian prior with mean mprior

and stddev α
• Takes form of “cost function” to be 

minimized

posterior 
PDF

prior
PDF

likelihood
PDF

• Equal to ML if prior is constant (i.e., uninformative)
• Prior may seem as arbitrary as fitting pre-determined functions, but:
• Priors can be learned
• Priors allow characterization of errors



Regularization
• This “cost function” approach is often useful even when no prior is 

explicit
min kGm� dk22 + �kLmk22
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min kGm� dk22 + � · entropy(m)
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min kGm� dk22 + �kSmk1
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Don’t just invert your observation equation, 
or blindly use least squares!



Error propagation

• The estimate is also a random variable, with mean and variance (or 
covariance matrix) 
• Even if raw data are uncorrelated, the resulting estimate is often correlated

m⇤
<latexit sha1_base64="ZktDSYU1UdH54rvHzvXHalzCToU=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFEBdlpi50IxbduKxoL9COJZNm2tAkMyQZoZQ+ghsXirjUd3HvRnwb08tCW38IfPz/OeScEyacaeN5305mYXFpeSW76q6tb2xu5bZ3qjpOFaEVEvNY1UOsKWeSVgwznNYTRbEIOa2FvctRXrunSrNY3pp+QgOBO5JFjGBjrRtxd9TK5b2CNxaaB38K+fMP9yx5+3LLrdxnsx2TVFBpCMdaN3wvMcEAK8MIp0O3mWqaYNLDHdqwKLGgOhiMRx2iA+u0URQr+6RBY/d3xwALrfsitJUCm66ezUbmf1kjNdFpMGAySQ2VZPJRlHJkYjTaG7WZosTwvgVMFLOzItLFChNjr+PaI/izK89DtVjwjwvFay9fuoCJsrAH+3AIPpxACa6gDBUg0IEHeIJnhzuPzovzOinNONOeXfgj5/0HT6KQzg==</latexit>

bias

variance



Bias-Variance Tradeoff

Without Regularization With Regularization

Example Inversion

Variance Large Small

Mean Accurate Less Accurate (Smoothed)

Inversion Easy Hard
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Statistical Estimation: Dynamic Model 

17

General State-Space Signal Model

The general hidden Markov model (HMM):

Initial prior: px1(x1) (1)

Measurement/forward model: hi(yi|xi) (2)

State-transition model: fi(xi+1|xi) (3)

dim(xi) = N dim(yi) = M

Goal: Compute minimum mean square error (MMSE) estimates of the
unknown state xi given the measurements y1:j , {y1, . . . , yj}.

bxi|j , E[xi|y1:j] =

Z
xi p(xi|y1:j) dxi (4)



Statistical Estimation: Dynamic Model 

18

Linear Additive-Noise State-Space Signal

Model (Linear Gaussian Model)

Initial prior: E[x1] = µ1, Cov(x1) = ⇧1 (5)

Measurement/forward model: yi = H i xi + vi (6)

State-transition model: xi+1 = F i xi + ui (7)

• The first and second order statistics of the zero mean state (ui) and
measurement (vi) noise are given: Cov(ui) = Qi and Cov(vi) =
Ri.

Goal: Compute linear minimum mean square error (LMMSE) estimates
of the unknown state xi given the measurements y1:j.

à Kalman filter
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Error/Uncertainty

1st moment 
of pdf

Systematic 
error

Bias

Accuracy

2nd moment 
of pdf

Statistical 
error

Variance

Precision

Confidence 
interval (±1σ, 

2σ, 3σ)

• Important to understand what error bars 
mean
• Bias (e.g., calibration error)
• Variance (e.g., noise)

• Data providers rarely report 1st moment
• Critical for assimilation and data fusion

[Akbari et al., 2019]

bias

variance



Bias and Resolution

• Geophysical data often have a bias towards “smoothness”
• Can quantify with resolution matrix:

[J. Gjerloev, CEDAR Prize Lecture 2016]

if d = Gm

and m⇤ = Gpd

then R = GpG
<latexit sha1_base64="D8Rx6xXAK6FK4BTVYVGFwal1Ptk="></latexit>



Correlation vs Causation

• All machine learning techniques are 
fueled by correlation
• Coincidental correlation

• Multiple comparisons
• p=0.05 à 1 in 20 studies are wrong

• Bidirectional causation
• Predator-prey
• Magnetosphere-ionosphere coupling



• Hidden variable
• Milton Friedman’s thermostat
• How I wasted 6 months in grad school

• Controlled studies are usually the answer, but 
CEDAR science is largely observational.
• Use first-principles modeling

Correlation vs Causation

X Y

Z

Causation doesn’t imply correlation either



Monte Carlo 
techniques

OSSE Truth model 
simulation

Nonlinear 
forward 

modeling

π≈3.14404



Takeaways

1. Think of all variables as random
2. Don’t just invert your observation equation

Decision and estimation theory might be able to help

3. First-order (systematic) errors are just as important as 
second-order (statistical) errors, especially in geoscience

All error bars are not created equal

4. Correlation can be misleading



Sources

• https://doi.org/10.1002/scin.5591770721
• Statistical Inference for Engineers and Data Scientists, Moulin and 

Veeravali
• https://ccmc.gsfc.nasa.gov/models/exo.php
• Aster, R., Borchers, B., & Thurber, C. H. (2013). Parameter Estimation 

and Inverse Problems.
• https://homes.cs.washington.edu/~pedrod/papers/cacm12.pdf
• Maximum entropy: doi: 10.1029/96RS02334

https://doi.org/10.1002/scin.5591770721
https://ccmc.gsfc.nasa.gov/models/exo.php
https://homes.cs.washington.edu/~pedrod/papers/cacm12.pdf


DELETED SLIDES



Probability Density Functions (PDFs)

Drop 10 coins and count the heads



Properties of PDFs

• Integrates to 1
• The probability of any outcome is an integral over the appropriate 

range
• Maximum à mode, most likely value
• First moment (center of gravity) à mean, expected value
• Second moment à standard deviation, variability

Z b

a
f(x)dx
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prob(a < x < b)
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Why are Gaussians used?
• Central Limit Theorem
• Maximum entropy for given mean & stddev
• Because it makes the math easy

Particle 
velocities 
in a gas

Voltage 
across a 
resistor

Diffusion

Poisson 
counting 
noise in 

large limit



Multivariate PDFs
• Generalize to multi-dimensional data
• Covariance matrix is important – geophysical data often have 

correlated errors
• Not often reported
• Diagonal covariance matrix often assumed – this lets you write PDF as 

product of individual PDFs



• If Gaussian, mean and covariance matrix are all you need to know
• If not, it’s complicated
• Uncorrelated vs independent

Multivariate PDFs


