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AbstractAbstract
In Riousset et al. (2020), we investigate putative and confirmed lightning events in the
solar system by comparing the conventional breakdown threshold, Ek, in three planetary
atmospheres (Earth, Mars, and Venus). The study shows how minor active components
can dramatically reduce Ek locally. It further confirms the role of environmental factors
(e.g., atmospheric composition) in facilitating the initiation of atmospheric discharges.
Here, we continue this work through a study of the importance of geometrical factors in the
sustainability of Townsend ’s (1900) discharges. The widely accepted Paschen’s (1889) law
describes these events as non-thermal, self-sustained discharges occurring in high voltage,
low current, and low-pressure conditions between two parallel plate electrodes (e.g., Raizer ,
1997). This paper develops a new formalism adapted to cylindrical and spherical geometries
and an experimental setup for its validation. We demonstrate how a simple change in the
geometry results in equations requiring numerical solutions and transforming the Paschen’s
curves and Stoletov’s points into surfaces and curves, respectively. We compare our work
to the peer-reviewed literature and in-house experiments and explore the impact on
modeling initiation and propagation of discharges in non-Earth-like environments. Lastly,
we conclude on the role of such studies for risk assessments in planetary exploration.

I. IntroductionI. Introduction

Figure 1: Hypothesized origin of Martian electrical activity (Yair , 2012).

Ec: Thermal runaway breakdown.
Ek: Conventional breakdown field.
E+

cr: Positive streamer propagation threshold.
E−

cr : Negative streamer propagation threshold.
Et: Relativistic runaway field.
Eℓ: Leader propagation threshold.

Figure 2: ▶ Electrical discharge thresholds in
air (Pasko, 2006).
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Figure 3: Principle of Townsend ’s (1900) discharge (Wiki).

II. Model FormulationII. Model Formulation
II.a Geometry
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Figure 4: Townsend’s discharge in 1-D geometries: (a) Parallel plates (Cartesian); (b)
Coaxial cylindrical electrodes; (c) Concentric spherical electrodes. The gap between the
electrodes contains a gas with the number density N (m−3) at temperature T (K), under
the pressure p (Pa). The avalanche is characterized by the Townsend effective ionization
coefficient αeff (m−1), the secondary ionization coefficient γ, and effective ionization
frequency νiz (s−1). The quantities ni, na, n(r), n(x), and nb correspond to the electron
density in m−3 carried by the electronic current i, emitted from the cathode at a, measured
at a point r or x between the electrodes a and b, and received at the anode at b, respectively.
The corresponding electric potential and field are denoted V (V) and E (V/m).

II.b Electric Fields

∇ · E⃗ = 0 ⇒E(r) = Ea

a

r

δ
(1)

where δ = 0, 1, and 2 for the Cartesian, cylindrical, and spherical 1-D geometries displayed
in Figures 4a, 4b, and 4c, respectively.

II.c Scaling

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

1/(E/N) (Td-1)

10
-30

10
-25

10
-20

/N
 (

m
)

50 100 150 200 250 300

E/N (Td)

1

1.5

2

2.5
N

 (
1

/(
V

s
m

))
10

24

(a)

(b)

Figure 5: Scaling laws for (a) the reduced effective Townsend ionization coefficient α/N
and (b) reduced mobility µ × N plotted against the reduced electric field E/N . Blue and
red colors correspond to Earth and Mars-like atmospheres, respectively (see Table 1).
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Ar 9.05 × 10−3 1.60 × 10−2

CO 1.84 × 10−7 ≈ 0
CO2 3.79 × 10−3 95.7 × 10−2

He 5.04 × 10−6 ≈ 0
N2 75.68 × 10−2 2.7 × 10−2

N2O 3.43 × 10−7 ≈ 0
O2 20.30 × 10−2 ≈ 0
O3 3.01 × 10−8 ≈ 0
Tg 273.04 K 231.2 K
N 2.688 × 1025 m−3 1.889 × 1023 m−3

Co
ef

fic
ien

ts

A 7.36 × 10−21 m2 2.62 × 10−20

2.60 /(cm Torr) 10.95 /(cm Torr)
B 596.8 Td 594.3 Td

211.1 V/(cm Torr) 248.2 V/(cm Torr)
C 3.36 × 1024 /(Vms) 1.13 × 1025 /(Vms)
D −0.265 −0.442

Table 1: Input parameters for BOLSIG runs. Atmospheric parameters are from NASA’s
Global Reference Atmospheric Models (GRAMs) (EarthGRAM by Leslie (2008) and Mars-
GRAM by Justh et al. (2010)) taken at the surface z = 0 km on January 1st, 2000, at 1200
UT, at 0◦ latitude and 0◦ longitude. These are the same surface conditions as in (Riousset
et al., 2020). Values A, B, C, D define the approximations for the reduced Townsend

ionization coefficient α̃

N
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, and reduced mobility µ̃ × N = C
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II.d Avalanching

∂n

∂t
+ ∇ · nu⃗ = nνiz ⇒

d ln
rδn(r)µ(E(r))E(r)


dr

= αeff(E(r)) (2)

with δ = 0, 1, and 2 for the Cartesian, cylindrical, spherical cases (Figure 4).
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Self-Sustaining ConditionSelf-Sustaining Condition
From (3):
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From the fits in Table 1:̂
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III. ResultsIII. Results
III.a Theory
Critical Electric Fields:
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Critical Voltages:
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von Engel and Steenbeck ’s (1932; 1934) solution for parallel plate electrodes (Figure 4a):

Vcr = Bpd

ln
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(8)

III.b Earth

Figure 6: Reduced critical electric field Ecr (left column) and potential Vcr (right) column)
as a function of the reduced characteristics length of electrode a and distance d between
electrodes a and b for Earth. (a), (b): Parallel geometries; (c), (d): Coaxial geometries; (e),
(f) Concentric spherical electrodes.

III.c MarsIII.c Mars

Figure 7: Same as Figure 6 for Mars.
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IV. ConclusionsIV. Conclusions
The principal results and contributions from this work can be summarized as follows:
1. We propose a generalization of Townsend ’s (1900) theory applicable to parallel-plate,

coaxial cylindrical, and concentric spherical electrodes. Numerical modeling lets us
solve the conditions of self-sustainability in the new geometries.

2. The new condition of self-sustainability requires that the reduced mobility approximately
follows a power law. We calculate its coefficients for Earth and Mars atmospheric
conditions.

3. For non-planar geometries, the critical electric field and potential depend on the distance
between the electrodes and their radii.

4. For cylindrical and spherical electrodes, Paschen’s (1889) curves and Stoletov’s points
become surfaces and curves, respectively. However, they still obey the same scalability
law first introduced by Paschen (1889).

5. Critical voltages occur near pd and pR≃0.5 cm·Torr, suggesting easier initiation around
moderately blunt objects (Moore et al., 2000).


