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‘ Overview '

e Nomenclature and context: Common themes in observational
aeronomy

e Linear inverse problems and linear estimation
e Taxonomy of solutions:

e Least squares, weighted least squares, and maximum likelihood
estimation

e Regularization and Bayesian techniques

e Recursive estimation and optimal filtering
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Examples of Observation/State Mappings'

A

X:R
e.g., y(t) = A(x)

X

Y:R"

Temperature, Density, Ion
Composition, Electric Field, Wind

Ne

Volume Emission rate

Doppler spectrum
TEC

Photometric Brightness
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‘Integral Equation Model of Inverse Problems.

e General case (nonlinear): y(t) = h(t,z(7))
e Nonlinear but additive: y(¢t) = [ h(t,7,z(7))dr

e Linear observations:

y(t) = / Bt ) (r)dr 1)

x(t): unknown quantity of interest
y(t): observed (measured) quantity

h(t;7): kernel or response function of the system
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Linear Integral Equations: Examples I

e Inverse source problems: Determine source distribution x from
measured emitted radiation y

2
V2y + ky = —4nx, k= TW wave number of emitted radiation (2)
Partial differential equation whose solution can be written as:
ejkr
y(r) = /h('r —rx(r')dr’ where h(r) = (3)
r

e Atmospheric turbulence: h(t,s) = e~ ™ (t+s7)
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‘Linear Integral Equations: Examples (Continued) I

e Linear system (signal processing) perspective

dk dk
S (an o) = 3 (b (t)

y(t) = /h(t — s)x(s)ds

e Image reconstruction from projections:

Yo (u) = / z(t,s)d(tcost + ssin @ — u)dtds.

— 00

h(u,0;t,s) = d(tcosf + ssinf — u)
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‘ General Mathematical Model '

»(6,)

AL)  Am)

1 L1 0 07 [z

wl! 10 0 1 1| |2 —
gl 10 1 0 1| |3 — y = Ax
el L1 0 1 0] Lzl
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‘ Ionospheric Radio Tomography I

Orbit Track

Ground-Based Receivers
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Space-based Limb Scanning Observation Geometry
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‘Discrete Representation of Integral Equations I

Assuming there are m observations,

yi = y(t) = / hi()e(r)dr, 1<i<m, (9)

where h; = h(t;; 7) denotes the kernel corresponding to the ith
observation.

The unknown quantity z(%) itself can be described in terms of a
discrete and finite set of parameters by a weighted sum of n basis
functions ¢;(?), j=1,...,n as follows:

x(t) = ijqu (t). (10)
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‘Mathematical Statement of Inverse Problems.

Given y € Y and a linear operator A : X — Y find x € X such that

y = Ax (11)

e X: Object space

Space where you choose to look for solution
Choice of X encodes prior knowledge

e Y: Data space

Space where observations live
In general Y D AX
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Existence, Uniqueness, and Posedness.

e Case 1: Exact Solution
N(A) = 0; Mapping is one-to-one

R(A) =Y ; Mapping is onto

A is square and full rank

e Case 2: Non-existence

R(A) C Y; Overdetermined case
e Case 2: Non-uniqueness

N(A) # 0; Underdetermined case
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Least Squares I
l-norm: |[x||y = /D, |z

|x|]2 = v/>_; |xi|?: Usual measure of length

e Idea: Find Xy, that minimizes the length of the error vector
€e=YyY — A)A(LS

arg min|[e]|3 = arg min{ly — Ax|3} (12)

X X

= arg min{(y — Ax)" (y - Ax)} (13)

Solving the minimization problem by setting 0/0x = 0 we arrive at
the LS solution:

AT'Ax s =Aly or X5 =(ATA) Aty (14)
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Geometrical Interpretation of Least Squares.
/y

Column 2 e=y-AX

>iAx

Column 1

Column space of A

AX;g: projection of y; the closest vector to y among all possible
vectors Ax
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Weighted Least Squares.

e Idea: If the measurements are not equally reliable, attach weights
to the errors and minimize ||[Wel|2 = |[W(b — Ax)||3.

In other words, find the least squares solution to WAx = Wy,

Solve
(WA)'WARwrs = (WA)' Wy (15)
ATWIWARwis = ATWIWy (16)

e Question: What is a rational way of determining an optimal W?

e Approach: Use the knowledge of the average size (or expected

2
value) of e;, e, e;e;
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Weighted Least Squares.

mean = Fle| = /a:p(a:)da: and variance = E[e?] = /a:2p(a:)da: (17)

covariance = Ele;e ] = //(ei)(ej)(joint probability of e; and e;) (18)

R. = Elee’] (19)

Assumptions:
Unbiased errors: Ele| = 0;
The estimation rule x = Ly is ltnear and unbiased

Elx —x] = E[x — Ly| = E[x — LAx — Le] = E[(I - LA)x] = 0(20)

x=(A"R;'A)TTATR Yy (21)
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‘ Statistical Estimation Models .

Nature;:

(1) p(x)

(ii) x unknown

Observation Model: p(y|x)
(i) Conditional pdf

(ii) Parameterized density

Estimation Rule:

(i) Bayes:

MMSE — %X = E|x|y]
MAP — argmax p(x|y)
(ii) Fisher:

ML — arg max p(y|x)

18
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‘Weighted Least Squares (Statistical Interpretation: ML) I

XML &= argmax{p(y\x)} (22)

The conditional probability p(y|x) is also a Gaussian, with the
following mean and covariance,

p(ylx) ~ N(Ax, Re)
— o 3ly— Ax)'R; ' (y—Ax) (23)
the ML estimate takes the following optimization form:
xmr, = argmax{lnp(y|x)}
1
= argmax{—(y - Ax)'R;'(y — Ax)}

— argmin{]ly - Ax|3_.) (24)
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Solving the minimization problem by setting 9/0x = 0 we arrive at
the ML solution:

xm = (A'RG'A)TTATRS'y (25)
The estimation error is defined as:

eM1L = X — )A(ML (26)

which can be shown, using substitution and simple algebra, to
equal:

emr. = —(A'RJ'A)TTATRSY (27)
Finally, the ML estimation error covariance is given by:
RML = E{eeT}
= (A'R'A) (28)
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Stability and Conditioning.

Ixl _ o, I9v1
< Ay (29)

where c(A) = ||A||||[A~]| is defined as the condition number of A
and it can be interpreted as a measure of the singularity of the
system.

yo = AXg
(0.26 (0.16 0.10] |
yo= 0.28] A =017 0.11| =x= H (30)
_3.31_ _2.02 1.29_
[0.27 [ 0.01
Suppose y = yg+dy = |0.25| Jdy = [—0.03| 1 % change (31)
3.33) | 0.02
o | 701 ]
b5 -840
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12

10

y=1.75+1.01x

4 5 6 7 8 9 10

12+

10

y=3.66+.49x
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‘MAP Estimation and Error Covariance.

x ~ N (0, Ry) (32)
oy = avgmax (plxly)} = argmax {pyhop(} (g

p(y¥|x) and p(x) can be expanded respectively as:

L e {—i(y — A%)TRI(y — Ax))

pYI) ~ NAXR) = e {—
(34)

1 l 71
-expi—=x R_"x 35
e F R P2 )

p(X) ~ N(OaRX) —
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and
X argmax {exp{—i(y — Ax)TR;l(y — Ax)}exp {—ixTR_1x}}
map 2 e 2 X
X
Xmap argmax {—1(y — Ax)TR_!(y — Ax) — sxT R 'x} (37)
X
Rpap = argmin {ly — AxJ2_, + /%) .
X
It can be shown that the solution to this minimization problem,
Xmaps 1S given by:
S = Re, (ATRSY) (39)
where Ry . is the estimation error covariance given by:
Ri,., = (R T ATR;TA)™ (40)

24
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Radio Tomography Example: Reconstruction

True Image ellem3 10°
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Error Covariance

7
il
A
7

1

X771
A Al
ALK A,

\W/ZAVARY)
m/ﬂm
¥ Y
V|
Y}W

X

(LA NN

\[

I

[

NEEAN
|
1
N
i

S JX

X

I\
J YK X

i
XXX

N
waime
AT
AN

1

|

L7

X

ATA T
172

I

[
INA KKK NN
NANCANN

\
Y
ANK

170K

\

Y

JANAN AR

LA

XX
)

XN X

IHERNYSNY 9
VT NOGOCKN

LT
LT

XXX XX
X
X INAXX XXX

A
Y

/
IDONIDON
]
AX

NN

A

WY
W
'\

1K

IN/INZN7/1N

X
X

X

LA

ARLA
/

DD 4

IS
N

T
i

N

i}
A XA XA A KUK KKK AR
X NX XYV
XYYyy

NN NN NN NN NN VN Y

INGININ

Radio Tomography Example: Error Covariance

800
600 -
400~

CEDAR Workshop 06/19/02

|
o
o
N

(w>) epnine

26




CEDAR Workshop 06/19/02

Regularization and its Stochastic Interpretation.

Srac= argmin  |ly — Ax|} + 7?Lx]}

Data Eidelity Prio;'rInfo

e Idea: Include prior information into solution
e Interpretations:
— Add additional constraint: Penalize large values of Lx
(e.g. L=V)
— Improves conditioning: (ATA +~+?LTL)x = ATy
— Equivalent to MAP estimate with prior: px(x) oc e~ * L'Lx
e v controls tradeoftf between data and prior information

e Truncates “A~1" at high frequency
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‘Example: Ion Velocity Field Estimationl

e Objective: Measurement of the three dimensional ion velocity

field

e Problem: There are three unknown components for each line of

sight velocity.

z o Up Radar Beam LOS
-+ North
¢ y
‘i East
X s
1

South [VIQOS
VLOS

|-

—cospsind?
—cospsin?

singsind?
singsind?

cosf?!
c0s6?
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Example: Ion Velocity Field Estimation (Continued) I

e Least squares approach |Hagfors and Behnke, 1974]: Assume that
the unknowns do not change in the time of one rotation, and use
many samples.

Vios(1)] [ —cospisind  singisind  cosf o
| Vios(n) ] | —cosppsint  singnsing  cosf| LV

e Alternative approach using regularization:

Veos(1) Vios(2) ... Vios(N)] (42)

[U:v(l) vy(1) v:(1) - we(N) vy (N) UZ(N)] (43)
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Interpretation of Cost as Statistical Model.

argmin |ly — Ax|l5, + (1[5,
X

1 1
— argmax — 5”}’ — AXH?Nl - §HXH‘2N2

1 2 1 2

X

_argmax e~ HIVAXIL, oI,
v N
P(y|x) ~ N(Ax,wl_l) P(x) ~ N(O,ng)
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More Generally, One Can Imagine... I

x = argmin|ly — Ax|3 ++?|[Lx|; where [z} = > |z*
X

(/

Decreasing k

k os}
06
04F

02F

-1.0 -0.5 0 0.3 L0

e Smaller values of k£ suppress small values of Lx in favor of large
values of Lx
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‘Radio Tomography Example: Total Variation Reconstruction.

Tikhonov solution ellem® TV solution eI/cmS X 105
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‘ Recursive Estimation '

x, = (ATV,'A,) ATV, by, (44)

P, = E[(x — %,)(x = %,)"] = (A V;1A,) ™" (45)

e Question: If more data arrives, can the best estimate for the
combined system be computed from Xy and y; without restarting
the calculation from yq?

vV _ [VO 0

: : : c,
0 VJ is the covariance matrix of the errors [91] (46)

T —1
-1 Ao Vo 0 Ao o Tx7r—1 Tx7r—1
Pl = [AJ [0 VJ [AJ = ATVIIA, + ATV A, (47)
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T
- A, —1 |Yo| _ Tx7—1 Tx7—1
=P g0 VY S PuATV ATV ) ()

P '=P '+ AV A (49)

X1 = Pl(Po_lxo —+ A?Vl_lyl)
=P, (PT'x, — ATV A x, + ATV y))
X, + Kl(yl — A1XO) (50)
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The Kalman Filter'

yi = A;x; + e (51)

x;+1 = Fix; + E; (52)
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‘ Statistical Fusion of Multi-Sensor Data.

e Definition: Data fusion is the process by which data from a
multitude of sensors is used to yield an optimal estimate of a
specified state vector pertaining to the observed system.

The measurement model for ionospheric tomography can be
expressed as:

y=f(x)+e=Ax+e (53)
where x represents the state vector of the system of interest, and

by y we denote the total set of measured quantities.

The statistical inference problem is then to estimate the value of x
from the knowledge of y in accordance with some specified
optimality criterion. In this case the outputs of more than one type
of sensor can be represented as:

y=|2] (54)

Y2
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‘ Statistical Fusion of Multi-Sensor Data (continued) I

The task of the fusion process is then to produce the optimal

2
Y2
e Question: How to decompose (modularize) the total process into
parts that have stand-alone significance?

estimate X(y1,y2), based on the total set of measured data [

The measurement model then translates into the following
multisensor formalism:

yi = f(Xi) + e (55)

The modularization of the problem is based on the relation:

p(x|y1,¥2) = p(y1|x)p(y2[x)p(x)p(y1, y2) (56)
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‘ Summary and Conclusions I

e A statistical formulation of an inverse problem provides a rational
framework for the inclusion of prior knowledge about the unknown.

e Challenges concerning the inversion can be addressed suitably by
incorporating statistical models to ensure meaningful results.

e There often exist intimate links between a deterministic and
statistical view of the same inverse problem.

e A statistical approach provides quantitative measures of
estimation uncertainty; an important attribute for assimilation into
models.
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