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scientific method
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gravity anomaly
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inverse problems

model data+‘noise’
A~ =
G ("m’)= d
® discrete G m = _d orcontinuous| G(¢,x)m(z)dz = d(v)
Rnxm Rm R™

®» linear or nonlinear
» |.e. convolution, Fourier transform, Abel transform, Radamsform

— existence, unigueness, stability
— “Riemann-Lebesque Lemma’”
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inverse problems

® filtering (tomography, SAR, planetary, pulse decoding)
® length methods (ISR lag profile analysis)
®» MAP methods (Abel inversion, radar imaging)

These are equivalent!
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filtering

Gm = d
m = G7d = GG m
N——
R,,=I7
Gm = GG7d = d
N——
R,=1I"?

m(e) = / da / dpGH (£, )G (1, ) m(x)

K (&,2)=5(¢—x)?

Backus Gilbert, filtered backprojection
... could be matched filtering, but probably isn’t.
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Radon transform

X-ray
source

\, screen
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sinogram

sinogram backprojection FBP
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(filtered) backprojection

27
i / d(6,s = n(0) -x)d0  adjoint
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length methods

Gm = d, G e R™™ rank|G]=p

least squares minimum length weighted damped
least squares

rank p=m<n p=n<m p<n,m
termed overdetermined underdetermined mixed determined
means? no exact soln no unique soln mult equiv soln
min. (Gm — d)tC’d_l(Gm —d) mtCrytm eth_le + a2mtCrtm
Mest Gtey'GIGte e ORtGHGC, G (GG + o201 TG e
Cr' GYGC ' Gt + a?2C 7 1d
max likelihood Occam’s razor 0, 1, 2 regularization
([
[
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SVD

Moore Penrose pseudoinverse: existence, uniguenestifygtab

G = UAVY, Gm=d Gx=0 z'G=0

B column left Apzp O rowspace
N space nullspace 0 O nullspace

nxmn nIm mxm

Gl = VAU, m=Gd

A_ajl O Ut:E’rL
- (e s (5 ) (£ )

~ (n—p)zn
mxm ~ ~~ -
mxn naTn
- —1 77t
o mepApa:pUpam

— condition N0.= Apax/Amin
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quadratic regularization

The following are equivalent:

# gSVD using filter factors of the fornf; = (s? + o?)/s?, wheres; are
the singular values and is the so-called regularization parameter.
The data covariance matrix can be incorporated by transfayizmnul
scalingG andd.

# Minimization of the cost function
(Gm — d)!C; Y (Gm — d) + o*m!C,,'m, whereC,,' = L'L. The
model estimator that accomplishes thisi&® =
(GIC;'G + a2C ) ~1GHC; 1 d This strategy is termed ‘weighted
damped least squares.’

® Conjugate gradient weighted least squares minimizatidin an

initial guessm®t = 0 and with early iteration termination consistent
with some finitex.
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quadratic regularization |l

®» Augmented least squares, seeking the least-squares sdintioe
augmented minimization problem:

c'*a . c'?d
ol 0

whereCd_l/%Cd_l/2 =C;

® Solving (form®t) the characteristic equation

2

min

2

_ G
( Gtcy! aLt)<&L)m

= (G oth)<g)

the result being the weighted damped least squares estiataive.
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long-pulse data
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ambiguity functions
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full profile analysis

data
estimate amb. fun.
th,tz(r!.[)

gated
analysis

deconv.
full

| profile | tor
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cost function

Augmented nonlinear least squares

# prediction error norme!C; e

I TY115 || T/ ||3 temperature roughness
T;/T. < 1temperature ratio

I
.9
® ||H*"||% hydrogen ion roughness
.9

composition fractions [0,1]
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MAP methods, Bayes’ theorem

P(dim)P(m
Pty = PPt
_ 1 —(Gm-d)t*C; " (Gm—d
P(dlm) = (QW)N/Q\C'dP/Qe 2 ( ) ( )
P(m) = 7, e

m
M= Y
i=1
M
erm —
b 1K 1m@

S = — Zmz log(m; /M)

1=1
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maximum entropy

S+ N(d+e—Gm)+ A('C e — %)

NGl
T M
" 7
Itm
/ = —
M

N(d+e)+ Mlog Z + A(e'C e — X)
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Abel transform

N

X dx

rdr

r2 — g2

os) = 2 [ " ne(r)

n(r) = —L [Tdo__ds
© N 7'('0 r dS\/32—7"2
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Regularized model

MaxFEnt model
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not discussed

® regularization parameters (L-curve, GCV, adaptive methods)
® error analysis (full error covariance matrix)
® stability, speed, tradeoffs
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